
 

II PRIZE WINNER MRS.A.MADHUMITHA’S SOLUTION FOR 01.01.2023 

GEOMETRIC PROBLEM 

 

 

 

 

 

 

 

 

 

 

 

 

 

Given  

AB & CE are two chords perpendicular to each other. Let it intersect at H  

Let us prove 𝐸𝐵2 + 𝐴𝐶2 =  𝑑2  

Construct AG as diameter. Join AC, AE, BC, AC.  

To show 𝐸𝐵2 + 𝐴𝐶2 =  𝑑2   [∵ 𝐼𝑛 ∆𝐴𝐺𝐶, 𝐴𝐺2 =  𝐴𝐶2 + 𝐶𝐺2, 𝑑2 =  𝐴𝐶2 + 𝐶𝐺2] 

It's enough to prove EB = CG 

∵AEBC is cyclic quadrilateral 

Let ∠𝐴𝐸𝐶 =  ∠𝐴𝐵𝐶 = 𝛽, ∠𝐶𝐸𝐵 =  ∠𝐵𝐴𝐶 =  𝛾  

∠𝐸𝐴𝐵 = ∠𝐸𝐶𝐵 = 𝛼, ∠𝐴𝐵𝐸 =  ∠𝐴𝐶𝐸 =  𝛿 

In ∆AHE, 𝛼 + 𝛽 = 90°, In ∆AHC, 𝛾 + 𝛿 = 90° 

𝛼 + 𝛽 = 𝛾 + 𝛿 = 90° 

∵ ∠𝐴𝐵𝐶 =  ∠𝐴𝐺𝐶 =  𝛽  -------------- (a) (∵

𝑠𝑎𝑚𝑒 𝑐ℎ𝑜𝑟𝑑 𝑠𝑢𝑏𝑡𝑒𝑛𝑑 𝑒𝑞𝑢𝑎𝑙 𝑎𝑛𝑔𝑙𝑒𝑠 𝑎𝑡 𝑐𝑖𝑟𝑐𝑢𝑚𝑓𝑒𝑟𝑒𝑛𝑐𝑒) 

∴ 𝐼𝑛 ∆𝐴𝐺𝐶,   ∠𝐴𝐶𝐺 = 90°, ∠𝐴𝐺𝐶 =  𝛽  by (a) 

∠𝐺𝐴𝐶 = 𝛼 =  ∠𝐸𝐴𝐵 

∴ EB=CG 

⇒  𝐸𝐵2 + 𝐴𝐶2 = 𝑑2  -------------- (I) 

Similarly 𝐴𝐸2 + 𝐵𝐶2 = 𝑑2 

Also 𝐴𝐻2 + 𝐻𝐵2 + 𝐻𝐸2 + 𝐻𝐶2 = 𝑑2  ----------- (II)  

(by I as ∆𝐴𝐻𝐸 & ∆𝐶𝐻𝐵 𝑎𝑟𝑒 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒 𝑏𝑦 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑎𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚) 



 

 

In ∆𝐷𝐶𝐹 𝐷𝐹2 =  𝐷𝐶2 + 𝐶𝐹2 ⇒  𝐶𝐹2 = 𝑑2 − 𝐷𝐶2  -------------------(1) 

𝐷𝑀2 = (𝐷𝐶 − 𝑀𝐶)2 

=𝐷𝐶2 − 2𝐷𝐶 × 𝑀𝐶 + 𝑀𝐶2 

In ∆𝐷𝐹𝐶,   𝑑2 = 𝐷𝐶2 + 𝐹𝐶2 

In ∆𝐴𝐶𝐺,   𝑑2 = 𝐴𝐶2 + 𝐶𝐺2  (or) 

𝐴𝐶2 + 𝐸𝐵2      {∵ 𝐶𝐺 = 𝐸𝐵} 

𝐷𝐶2 + 𝐹𝐶2 = 𝐴𝐶2 + 𝐸𝐵2 =  𝑑2 --------------------------- (a) 

AB & DC intersect at M. 

AM × 𝑀𝐵 = DM × 𝑀𝐶    { ∵ 𝐴𝑀 = 𝑀𝐵 𝑎𝑠 𝑀 𝑚𝑖𝑑 𝑝𝑜𝑖𝑛𝑡} 

MC x DM = 𝑀𝐵2  --------------------------------- (b) 

Consider, 

𝐷𝑀2 + 𝐹𝐶2 = (𝐷𝐶 − 𝑀𝐶)2 + 𝑑2 − 𝐷𝐶2 

 =𝐷𝐶2 + 𝑀𝐶2 − 2𝐷𝐶 × 𝑀𝐶 + 𝑑2 − 𝐷𝐶2 

 = 𝑀𝐶2 + 𝑑2 − 2(𝐷𝑀 + 𝑀𝐶) × 𝑀𝐶 

 = 𝑀𝐶2 + 𝑑2 − 2𝐷𝑀 × 𝑀𝐶 − 2𝑀𝐶2 

 = 𝑀𝐶2 + 𝑑2 − 2𝑀𝐵2 − 2𝑀𝐶2  [by (b)] 

 = 𝑑2 − 2𝑀𝐵2 − 𝑀𝐶2 

 = 𝑑2 − 2[𝑀𝐻 + 𝐻𝐵]2 − 𝑀𝐶2 

 = 𝑑2 − 2𝑀𝐻2 − 2𝐻𝐵2 − 4𝑀𝐻 × 𝐻𝐵 − 𝑀𝐶2 

 = 𝑑2 − 2𝑀𝐻2 − 2𝐻𝐵2 − 4𝑀𝐻 × 𝐻𝐵 − [𝐻𝑀2 + 𝐻𝐶2] 

 = 𝑑2 − 3𝑀𝐻2 − 2𝐻𝐵2 − 4𝑀𝐻 × 𝐻𝐵 − 𝐻𝐶2 

 = 𝑑2 − 3𝑀𝐻2 − 2𝐻𝐵2 − 4𝑀𝐻 × 𝐻𝐵 − [𝐵𝐶2 − 𝐻𝐵2] 

 = 𝑑2 − 3𝑀𝐻2 − 2𝐻𝐵2 − 4𝑀𝐻 × 𝐻𝐵 − 𝐵𝐶2 + 𝐻𝐵2 

 = 𝑑2 − 3𝑀𝐻2 − 2𝐻𝐵2 − 4𝑀𝐻 × 𝐻𝐵 − 𝐵𝐶2 

= 𝐴𝐸2 − 3𝑀𝐻2 − 𝐻𝐵2 − 4𝑀𝐻 × 𝐻𝐵 

= 𝐴𝐸2 − [3𝑀𝐻2 + 𝐻𝐵2 + 4𝑀𝐻 × 𝐻𝐵]     {∵  𝑑2 =  𝐵𝐶2 + 𝐴𝐸2} 

= 𝐴𝐸2 − (𝐻𝐵 + 𝑀𝐻)(3𝑀𝐻 + 𝐻𝐵)      

= 𝐴𝐸2 − 𝑀𝐵(2𝑀𝐻 + 𝑀𝐵) 

=  𝐴𝐸2 −  𝑀𝐵2 − 2𝑀𝐵 × 𝑀𝐻   

= 𝐴𝐻2 + 𝐻𝐸2- 𝑀𝐵2 − 2𝑀𝐵 × 𝑀𝐻 

= (𝑀𝐵 + 𝑀𝐻)2 + 𝐻𝐸2 − 𝑀𝐵2 − 2𝑀𝐵 × 𝑀𝐻 

=𝑀𝐵2 + 𝑀𝐻2 + 2𝑀𝐵 × 𝑀𝐻 + 𝐻𝐸2 − 𝑀𝐵2 − 2𝑀𝐵 × 𝑀𝐻 

=𝑀𝐻2 + 𝐻𝐸2 

= 𝑀𝐸2 



Hence 𝐷𝑀2 + 𝐹𝐶2 =  𝑀𝐸2 ⇒ 𝐷𝑀, 𝐹𝐶 & 𝑀𝐸 𝑎𝑟𝑒 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 𝑟𝑖𝑔ℎ𝑡 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒. 


